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•/^ ■ Let © denote the unit disk in the complex plane and let /: D — )■ C be a harmonic 

mapping. As is customary, we write f = h + g where g and h are analytic. If |/i'| + l^f'! 7^ 
and the dilatation u = g' /h' is the square of a meromorphic function then there is a lift / 
mapping D onto a minimal surface S in M^. The function / is called the Weierstrass-Enneper 
parametrization of S. Its three components are themselves harmonic functions and / is a 
conformal mapping of © onto S with conformal metric 

e \dz\ , e = \h\ + \g \, 



> 
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1. Introduction 



on ro. The Gaussian curvature of S at a point f{z) is 

R 
The Schwarzian derivative of / is 



> ; K{f{z)) = ~e-'^^^^Aa{z). 



(1) Sf = 2{d,,a - {d,a\ 



,2\ 



We also call this the Schwarzian of /. This becomes the familiar Schwarzian when / is a 
analytic, in which case f = f, cr = log |/'|, and 

2 



K. -^(f)-Kf 



See [2]. 

From the seminal papers of Nehari [S] and Ahlfors and Weill pQ one knows that the 
growth of the Schwarzian derivative of an analytic function is related to the injectivity and 
quasiconformal extension of the function. The principal result of this paper is the following. 



Theorem 1. Let < s < 1. Suppose f satisifies 

2s 

'l^z 



(2) \Sf{z)\ + e"^^^^mf{z))\ < ,^ I z e 



If s < 1 then f has a k{s) -quasiconformal extension to M.^. If s = 1 and dH is a Jordan 
curve then the extension is a homeomorphism. 
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That / is injective in D was proved in [3] in even greater generality, so the point here 
is the extension. It was also proved in [3] that if / satisfies ([2]) with s = 1 then / and / 
have spherically continuous extensions to dV>. Furthermore, we know exactly when dTj fails 
to be a Jordan curve in M^, namely, either / is holomorphic and /(D) is the Mobius image 
of a parallel strip, or / maps D into a catenoid and (9S is pinched by a Euclidean circle 
on the surface. In any case, there is a Euclidean circle C on E and a point p G C with 
/(Ci) = P = /(C2) for a pair of points Ci)C2 ^ 93. Equality holds in ([2]) with s = 1 along 
f^^{C \ {p}), and because of this a function satisfying the stronger inequahty with s < 1 or 
the strict inequality with s = 1 is always injective on 5D. 

The extension, denoted by f^?, generalizes the one given by Ahlfors and Weill. It is 
constructed by setting up a correspondence between two fibrations of space by Euclidean 
circles, one fibration based on D and the other on E. Fundamental properties of theses 
fibrations rely on the convexity relative to the hyperbolic metric of the function 

(3) u^{z) 



va-kP) 



e" 



and on the concept of best Mobius approximations to the lift /. If T is a Mobius map of M'^ 
then Urp^?{z) is convex as well (see [4j). 

Finally, as a corollary of this work, we will derive a sufficient condition for quasiconformal 
extension of planar harmonic mappings. In addition to the Schwarzian bound, we need to 
assume that S is locally a graph and that |c<;| is adequately bounded (see Theorems 2, 3 
below). In analogy with [1], we obtain simultaneously a univalence criterion for harmonic 
mappings together with a quasiconformal extension. The explicit formula 



f^^^ ^ il-\zmiz) _^ (1 - \z\')g'iz) 



{l-\z\^)a,{z) z-{l-\z\^)a,{z)' 

that we derive for the extension oi f = h + g ai the point ( = 1/z, z G D, parallels the 
classical Ahlfors- Weill expression for analytic /, given by 

2. Circles and Best Mobius Approximations 

Let / be the canonical lift of / to a conformal parametrization of a minimal surface. In 
the sequel, we will assume that / is injective in the closed disk. Among other things, this 
guarantees that the function Urp^Az) has at most one critical point in D. For 2; G D we let 

Mz{f) = Mz be the (unique) Mobius map of M? with the properties: 

(i) Mz maps the plane C to the tangent plane to S at f\z)] 

(ii) Mz{z) = f{z)- 

(ni) DMz{z) restricted to C agrees with Df{z); 

(iv) the tangential components of D'^Mz{z) agree with D'^f{z). 
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An important issue regarding these best Mobius approximations is their connection with 
the critical point of the function ([3]). Let Co{z) be the circle in space orthogonal to C 
passing through the points z and z* = 1/z. Note that these circles are disjoint for different 
values of z, and that their union fills M^/SD. We define C{f{z)) = Mz{Co{z)). The circle 
C{f{z)) is orthogonal to the tangent plane Pftz) ^'^ ^ ^^ fi^)y ^^^ passes through the points 
f{z) = Mz{z) and Mz{z*). For a point g G M'^ we consider the Mobius inversion in space 
given by 

/ (o) = ^-^ 

The map z — > Iq{f{z)) is a conformal embedding of D into space, with conformal factor 

The following lemma is contained in [3], but we provide an alternative proof here. 
Lemma 1. Let q G M? . Then q G C{f{zo)) if and only if the function 

has a critical point at zq . 

Proof. It is not difficult to verify that the circle Co{zq) consists of all points p G M^ with the 
property that the inversion Ip produces a critical point at zq of the function 

1 



Let q = Tzq{p) for some p G R'^ and consider the inversion Ig. Since the best Mobius 
approximation T^^ agrees with / to second order (in the tangential derivatives), we see that 
the function in (4) has a critical point at zo if and only if 

1 



v/(i-kP)|#(z)| 

has a critical point at zq, where ip{z) = Ig(Tzg{z)). Since q = T^f^^p), then IgoT^^ is a Mobius 
transformation that sends p to the point at infinity, and hence it equals Ip up to an affine 
mappings. From this the lemma follows. D 

We recall from [3] some important facts about the family of circles {C{f{z)) : z G ©}. 
From the uniqueness of critical point and the description given by Lemma 1, it follows 
that these circles form a disjoint family. It was established in ^ that their union is all of 
M.^/df(D). In that paper, we considered a 2-dimensional extension of / to C U {cxd} by 
defining Sr{z*) = Mz{z*), completing /(©) to a topological sphere in M^. Our aim here is 

to extend / further to all of M^; the procedure will be based on the Mobius approximations 
Mz and the families of circles in domain and image. We let 

r Mz{p) , peCoiz) 
(5) £f{p) = { 

I f{z) , pedB. 



4 M. CHUAQUI, P. DUREN, AND B. OSGOOD 

When p = z E B) then Sf{z) = f{z), while for p = z* we recover our previous extension in 

3. Proof of Theorem 1 

The fact that S? is a homeomorphisni is essentially contained in [4]. Indeed, since for 
different values of z the circles C{f{z)) are disjoint, we conclude that S? is injective. The 

extension is also onto because the family of circles fills R3/9/(D). The continuity at points 
p ^ 9D follows from the analytic dependence of M^ on z. At points p G dlD) we had 
already shown in |1] that the extension is continuous; in fact, under the assumption that 
test function Uf has a critical in D then the entire circle C{f{z)) shrinks to zero as z ^ 
83. The construction shows also that the inverse in continuous. This proves that £? is a 
homeomorphism whenever the lift is injective in the closed disk. Showing quasiconformality 
will require some preparation through a series of lemmas. 

We recall some important facts about hyperbolic geometry in M.^, and introduce some 
additional notation. It will suffice to analyze Sf in the upper half space H^. The upper 
hemisphere Sq lying over © is the envelope of the family of horospheres {H{z) : z G ©}, 
where ii{z) is tangent to D at 2; and has Euclidean radius r^iz) = i(l — |-2p). The point 
of tangency between Sq and H{z), denoted by p{z), lies in the intersection of H{z) and the 
semicircle Co{z) introduced earlier. Choose a normal vector to Sq pointing upward. For 
fixed t G M, the flow Qt deflnes a surface So,t parallel to Sq by following unit speed geodesies 
in H^ normal to Sq for time t. The resulting parallel surfaces are portions of spheres in 
H^ which intersect the complex plane on 9D; they lie within the ball or outside the ball in 
upper half space according to whether t < or t > 0. An important fact is that the resulting 
correspondence pt{z) between D and So,t is conformal for every value of t. In addition, 

(a) So^t is the envelope of the family of horospheres {Ht{z) : z G D} tangent at z with radius 

(b) the point pt{z) of tangency between Ht{z) and Eo,t is obtained by moving p{z) a hyper- 
bolic distance t along Co{z). 

The extension S? can be visualized as acting in directions tangent and normal to the 
circles Co{z). In the image we define the surfaces S^ = £^^(So,t), which can be parametrized 

by z G D as 

(6) Mz) = M^iptiz)) . 

The Mobius approximations can also serve to carry over to the image the horospheres Ht{z) 
by defining Kt{f{z)) = Mz{Ht{z)). This is to be thought as a horosphere in the "upper 
halfpsace" determined by the tangent plane Ph^) to S at f{z)., with the orientation given by 

the normal vector N{z) (short for N{f{z))) to the minimal surface. If the minimal surface 
were planar, then the results in [5] would be applicable and would allow to estimate the 
quasiconformal distorion of S? by analyzing certain parallel fiows in (a single) hyperbolic 
space. The presence of Gaussian curvature on the minimal surface has the consequence that 
Sj is no longer the envelope of the family of spheres {Kt{f{z)) : z G D}, as was the case in 
[5]. The derivative of £? in the direction of a circle Co{z) will be tangent to the image circle 
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C{f{z)), but the derivative of S? in directions tangent to Sqi will not necessarily be tangent 
to the corresponding sphere K{f{z)). In other words, the circles C{f{z)) are not necessarily 
orthogonal to the surfaces S^, and much of the difficulty in the proof of Theorem 1 comes 
from trying to isolate and estimate the term responsible for this defect. This alone marks 
an important difference with the holomorphic case, and in some sense, is one of the reasons 
why the quasiconformal distortion does not turn out to be a clean (1 + s)/(l — s). 

We need to take a closer look at the Mobius approximations and their dependence in z. 
Since ([2]) is invariant under composition with automorphisms of D, it will suffice to compute 
the distortion of £7 along the circle C(0) for arbitrary / as in the theorem. With an analysis 
near z = in mind, we write the Mobius approximations M^ : C U {00} — )■ Pti^\ U {c)o} in 
the form 

(7) M.(C) - 7(.) + Re {^1M_} ,„,„ + i^ |_iM_} e,(., , 

where Cx-, Cy are the unit tangent vectors in the directions of dxf ■, dyf, respectively. 
Lemma 2. With the notation as before then 

'•^{l-za{z)y 

o-Az) 



(a) a(z) _, , , . 

\^za,{z) 

Proof. We write ( = x + iy and differentiate (7) with respect to x, y for z fixed. Then 

and 

These equations imply that 

which proves part (i). 

To prove part (ii) we differentiate a second time, to obtain 

2aiz)(3{z) \ ^ ,^, , ^^ r 2aiz)Piz) , ^ ,^, ^-,,„, 



^^^(0 = Re 7^^^^^ e..(.) + Im -^^^^ e,(.) = e'^^^iz) 



d^^M.iC) - Re ^ Tre^^l ^^(^) + ^- 1 (13^^ ^ ^.(^) - f^(^) • 



On the other hand, 

{fxx{z),ex{z)) = ^e--(^)9.(^(^),^(z)) =e'^(^)a.(^) 

and similarly, 

{fxx{z),ey{z)) = -e''^'^ay{z), 

hence 

f.Tiz) = e'^(^) iaxiz)exiz) + ay{z)ey{z)) . 
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We conclude that 

2a(z) 

2aJz) , 



1 — za{z) 
which gives part (ii). D 

Remark: The equation M^i^z) = f{z) imphes in (7) that 7a: (0) = 7j;(0) = 0. 

In order to estabhsh the quasiconformahty of the extension Sf when / satisfies (3), we 
will compute the derivatives of Sf along the circles Co(0) and along directions orthogonal 
to them, that is, tangent to the surfaces Sq,*. Since the extension acts as the fixed Mobius 
mapping M^ along a given circle Co{z), we can express the derivative of Sf along Co(0) using 
hyperbolic geometry relative to C and the tangent plane in the image. On the other hand, 
since the correspondence z — > Pt{z) is conformal with known conformal factor, the calculation 
of the derivatives of Sf normal to the circles is equivalent to finding the derivatives of the 
mapping (f)t{z) defined in (6). The invariance under rotations of the class considered reduces 
the task to computing just dx4>t{z). This is given by 

(8) iDn){MzmdMz)) + {d.,M,){pt{z)) , 

and evaluated at z = 0. The first term contains the contribution from the differential of the 
mapping M^, while the second term considers the variation of the Mobius approximations 
from point to point. Since the transformation M^ maps the horosphere Ht{z) to Kt{f{z)), 
we see that the first term in (8) is tangent to Kt{f{z)) at Sf{pt{z)). Since M^ is a hyperbohc 
isometry between corresponding upper halfspaces, the size of this first term is determined by 
\dxPt{z)\, together with the heights oi pt{z) with respect to C and oi Sf{pt{z)) with respect to 
the tangent plane Pf/^)- The strategy of our proof of quasiconformahty will be the following: 

(A) to decompose (8) in components tangential and normal to Kt{f{z)) at Sf{pt{z)); 

(B) to show that the first term in (8) is the dominant one when considering the contributions 
to the component tangent to Kt{f{z)); 

(C) to show that, expect for the factor \dxPt{z)\, this first term equals in size the derivative 
of Sf along the circles; 

(D) to show that the size of term in (8) normal to Kt{f{z)) is comparable to the derivative 
of Sf along the circles. 

While the first term in (8) is well understood, the second one requires a closer analysis in 
order to determine parts tangent and normal to Kt{f{z)). We are to find the x-derivative of 
the mapping z — ?■ Mz{p) at Zq = 0, where p = Pt{zo) is fixed. Since p lies in the intersection 
of Co{zo) = Cq and the horosphere Ht{zo) = Hq, then M^i^p) must lie in the intersection 
of the circle T{z) = Mz{Co) and the sphere S{z) = Mz{Hq). The circle T{z) is orthogonal 
to the tangent plane Pftz) ^^ ^^e points Mz{zo) and Mz{zq). Because the transformations 
Mz are best Mobius approximations, we see that {dxMz)\{z=zo}{^o) = 0. Therefore, for 
the purpose of calculating first derivatives, we may assume that Mz{zo) is the fixed point 
Mzo(^o) = /(-2o) = O, say the origin. The sphere S{z) is tangent to the plane Pffz) ^^ 
Mz{zo), and has radius equal to \DMz{zo)\ro^t{zo). This quantity has, once more, vanishing 
derivative aX z = zo because of the higher order of contact of the Mobius approximations. 
We conclude that we may assume that the spheres S{z) are tangent to planes at a common 
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point O and have a fixed radius equal to |-DM2y(zo)|ro,t(-2o) = e'^*-^"Vo,i(-2o) = a. Nevertheless, 
the planes to which these congruent spheres are tangent at O have the varying normal vector 
N{z) determined by the minimal surface S. With this and simple trigonometry, we can write 

(9) MM = cos\^)M,{z*) + 2asm\^)N{x) , 

where (f = <f{x) is the angle of elevation of the point Mx{p) measured from O with respect 
to the plane through O with normal N{x), short for N{zq + x). The angle ip is determined 
by the equation 

(10) asin(v9) = r(a;) cos((/9) , 
where 2r{x) = \M^{z^) - 0\. Then 



(11) (9,M,)(p) = r i^M,,{z*) - 2aN{x)j + cos^(v9)(9,M,)(^*) + 2asm\if)d,N{x) , 

where r = t{x) = —2sin{ip) cos{ip)ip'{x). In the following lemma we use the notation Aq to 
denote a quantity A evaluated at zq. 

Lemma 3. With the notation as above we have that 

(12) (5xMj|{.=.„}(^o)=^+^niVo, 
where v is parallel to the plane Pftzo) with the properties: 



(t) \/*"" = To {M,^X4) - ^aoNoj + cos2(v?o)^^ is tangent to M,^{Ho) at £j{p); 

(ii) |\/*«"| < 2r2cos2(v9o)e""« ( \Sf\zQ)\ + \e^''''\KQ\ ) . 

Proof. By linear invariance of the family of mappings, it suffices to consider the case Zq = 0. 
For ^0 £ C U {oo} fixed we use (7) to write 

MziCo) = 7^ + Re <^ — - \ e^z) + Im <^ — - \ ey{z) , 

from which 

I (1 - a{zKor J 

I (l-tt(^)Co)^ J {l-a{z)Co} {l-a{z)Co} 

The components q;jj of the second fundamental form of S appear in the equations 

{ex)x = OiuN + PiCy , {ey)y = a22N + ^2^ , 

(e^)y = ai2N + -iiCy , (ey)j, = a2iN + 726^ , 
together with the relations 

«i2 = a2i , /3i = -72 = -o-y , /32 = -71 = -o"x • 
From Lemma 2, part (i), we know that f3{z) = e'^*^^)(l — za(z)), hence at z = 

/3.(0) = e'^(°)((T,(0)-2a(0)), 
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which then by part (ii) of the lemma gives 

In a similar way we find that 

/3,(0) = -^e'^(°V,(0) . 
With this we find that 



9.M,|,=o(Co) = Re 



mn 



;i-«(o)Co 



ax(0)^e,(0) + lm 



mn 



;i-«(o)Co) 



■«.(0) e,(0) 



+Re ^ .^^^ a,(0)l e.(0) + Im (-^M|, ,^(0) U^(0) 



+Re 



/3(0)Co 



1 - a(0)Co 
which after cancelations gives 



1 - a(0)Co 



aniV(0)-a^(0)e^(0) 



Im 



.l-«(0)Co 
1 - a(0)Co 



ai2iV(0) + a^(0)e,(0) 



+Re 



mCo 



1 - a(0)Co)2 
/3(0)Co 



«x(0)U40) + Im 



mCo 



;i-«(o)Co) 



■«.(o)M,(o) 



1 - a(0)Co 



Therefore 



V = Re 



ma 



aniV(O) + Im <j ^ ^^°)^° |^ ai^N^O) . 
1 - a(0)Co 

mCo 



;i-a(0)Co) 



«.(0)^e,(0) + lm 



;i-a(0)Co) 



«.(0)M,(0) 



while 



v„ = Re 



mco 



an + Im < — -— > 0:12 



l-a(0)Coj il-a(0)Co 

The fact that \/*"" is tangent to Mzq{Hq) at SAp) follows from the notes on Epstein's flow. 
This proves part (i). It also follows from those notes that 

mQc^M 



w 



tan] 



COS i(po)\v\ = COS (v^o) 



cos^(v?o) 



1/3(0)1 



mc 



;i-a(0)Co) 



:i-a(0)Co 



l«x(0)| 



= cos2(v9o)e-'^(o) Mo(Co)-/(0) 
From Lemma 2, part (ii) we see that 



la-, 



ax 




which at the origin gives 






aa;(0) = a^^ -o-^ + a^j, 



\aM\<^l^\Sf\ + le'''\K\. 
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For zq = we then have 

as desired. This finishes the proof of the lemma. D 

The remaining summands in (11), namely W = cos'^{ipo)vnN{zo) + 2asm'^{ipo)dxN{zo), 
contribute with terms W'^"'^ and W-^ tangent and normal to Mzy{Ho) at Sflp), respectively. 
In summary, we can express (11) in components tangent and normal to the sphere Mzq{Hq) 
as follows: 

(13) (9^M^)(p) = \/*"" + iy*"" + W^^. 
Lemma 4. With the notation as above we have that 

(14) |W^*""| = 2rosin(^o)cos(v9o)e'^«v^:^, 



(15) IW^^I < 2rocos'(v9o)e"»v^^- 

Proof. In order to decompose W in components tangent and normal to Mzq{Hq) at Sr{p) we 
write first dxN{zQ) in terms of orthonormal vectors r, 6 on the tangent plane P?/^ n, with f 
in the direction of Mz^^Zq) — /{zq). From equation (7) we see that 

Mzoi4) - /(^o) = uoe^izo) + VoCyizo) , 



where 

Because 
we see that 
Thus 



(^{^0)4 



1 - a{zQ)zl ■ 
dxN{zQ) = -aiie^(zo) - ai2ey{zo) , 
(d^Nizo) , Mz,{z*o) - f{zo)) = -vn . 

W = cos^{^o)vnN{zo) - 2asm\^o)vn—^ + (Wj) 9 

2r 

= cos'^{ipo)vnN{zo) - sin(v9o) cos(v?o)^n^ + {W, 9) 9 . 
Since 2rf = Uoex{zo) + Voiy^zo) we see that 

2r9 = -VoCxizo) + Uoey{zo) , 
hence 

{W,9) =2asm'^{ipo){dxN{zo),9) = — sin^(v9o)(aii^^o - ai2Mo) 

2r 

= sin(v9o) cos(v9o)("ii^o - «12Mo) • 

The vector {W, 9) 9 is tangent to Mz^^Hq) at £c{p) and points in the direction of the latitude 
through £t{p). The other terms Wi = cos'^{ipo)vnN{zQ) — sin((/9o) cos{ipo)vnr must be decom- 
posed in components W^ = W-^ normal to the sphere and Wi"'"' tangent to the longitude 
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through Sf{p). It is easy to see that Wi forms and angle 7r/2 — ipo with the tangent plane to 
the sphere Mzq{Hq) at S?{p), hence 



while 



W^"''] = \Wi\ cos (^1 - (/?o) = sin((^o) cos(^o)|^^r7 
'{^1 = \Wi\ sin (- - ifio) = cos^{(po)\vn\ ■ 



Therefore we can write 

W = PF*"" + W^ , 
with 

and 

This gives 

|^ta„|2 _ |^tan|2 ^ ^^^ ^^2 _ |p^^tan|2 ^ ^^^2^^^-^ COs2(<^o) (ail^O " "12^0) 

= sin^(v3o) cos^(v^o) [{anUo + auVof + (anfo - auUof] 

= sin^(v9o) cos^(v9o)(aii + ai2)(Mo + ^o) ' 
so that 



|iy*""| = 2rsin(¥;o)cos((/.o)e'^VT^, 
because on minimal surfaces [afi + 0^2) = e'^'^\K\. Finally, 

\W^\ = \W,^\ = COs\y^0)\Vn\ , 

from which (15) is obtained after applying the Cauchy-Schwarz inequality. This completes 
the proof of the lemma. D 

As a final step toward establishing Theorem 1, we derive an estimate on conformal factors 
based on the Schwarzian bound. 



Lemma 5. Let f satisfy ^ for s < 1. Then 
(16) 



z 



1- z 



< ^ 



1- z 



Proof. We begin by deriving a lower bound for iVy?!, where cp = \az\- With yj^ = azCz we 
obtain 

2ipipz = azzC^z + OzzOz = {(Tzz + Wz\ )o"z + {(^zz " (^z)^S ■ 

Hence 

M^z\ > {(Tz-z + \crz?)V - \(rzz - (yl\V > </ - Y^ ^2\2 ' 

(1 — |2;| J 
because azz > and (1), so that 

1,2 1 

1 — \zrY 
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The estimate at z = will follow by showing that an initial condition a = f{0) > ^J2 forces 
V? to become infinite in D. To this end, we consider </? along arclength parametrized integral 
curves to Vy?. There exists such an integral curve starting at the origin because 

|V¥?(0)| = 2|^^(0)| > 2^2(0) - 2 > . 

The function t>(t) = (y9(z(t)) satsifies 

v'it) = 2\^AAt))\ > vM) - (J^^ > v^t) - i^ . 

because \z{t)\ < t. We compare v with the solution of y' = y"^ — 1/(1 — t^Y , y{0) = a. The 
function y is given by 



In" 

y = t;— 

2 n' 



5 



where n = rio/(l — Q^o) and 

n (t) = ^ il + t)^'-il-t)^' 
"""^ ^ y2(l + t)^+(l-t)^' 

Because a > ^J2 there exists < to < 1 for whcih ano(to) = 1. The function y is increasing 
for t < to and becomes infinite there. Hence, either v becomes infinite before or at t = to? 
or the integral curve ceases to exist before that time. But while v is finite, it is bounded 
below by y > a, hence |Vvj| does not vanish as we showed before, and the integral curve can 
be continued. We conclude that y must become infinite before or at time to, proving the 
lemma. 

In order to show ( IT6l) at an arbitrary point ^o ^ D we consider 

Mz) = f{T{z)), T{z) = -^±^. 

1 + uZqZ 

Then /i satsifies (1) and its conformal factor is given by 

From this 

n{0) = (1 - \zo\^)a^{zo) - zo , 

hence (2) at z = zq is obtained from |t^(0)| < -\/2. 

Suppose equality holds in ( 1161) at some Zq G D. By composing with an automorphism 
of the disk, we may assume that ^o = 0. The argument of proof shows that in this case 
azz must vanish along the integral curve z{t). Hence the curvature of the minimal surface 
vanishes on a continuum and must therefore reduce to a plane. Hence f = h + ah for some 
constant a with |a| < 1 and a holomorphic h for which (1) holds. Because o'z = ^^ we see 
from the case of equality in the analytic case that h must be an affine transformation of a 
rotation of n. 

The same argument can be given to show that for \Sf{z)\ < 2s/(l — |2;p)^,s < 1, one 
obtains ( IT6|) with \/2s instead of \/2 in the right hand side. D 

Proof of Theorem 1. We can finally show that £? is /i;(s)-quasiconformal, with constant 
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where C2 = a/2s and Ci = 1 — (1 — p)^ with p E [0, 1) the (unique) solution of 

2p3(2-p) 



s 



3p2 - 2p + 1 

We study the quasiconformal distorion at all points p G M^ away from C. A point p, say 
in H^, lies in the upper half of a unique circle Co{z) and is of the form p = pt{z) for some 
t e M. We will compute and estimate the size of D£Ap){X) for X a unit vector tangent and 
orthogonal to Cq{z) at p. 

Case I: We suppose that X is tangent to Cq{z), \X\ = 1. Since the mapping S? restricted to 
Cq{z) coincides with the fixed Mobius mapping M^, we conclude that 

D£j{p){X) = DM,{p){X), 

which is tangent to C{f{z)) at Mz{p). Its size can be expressed in terms of the heights of 
j9 G H^ and of Mz{p) relative to the tangent plane Pf/zy 



(17) \D£fip)iX)\ 



hiSjip)) 



Case II: Suppose now that X is normal to Cq{z), \X\ = 1. It suffices to consider X in the 
direction of dx4>t{.z). With A = \dxPt{z)\ we obtain 

DSj{p){X) = jd^M^) = {DTz){pt{z)){X) + i(4M,)(p) , 



Hence 



= {DTz){p){X) + \ (V'*'^" + 1^*'^" + W^) . 
A 

\DSj{p){X)\ < \{DT,){p){X)\ + J ( |\/*'^"| + |1^*""| + \W^\ ) 



(18) = — -f^ + T |V^ l + |W" l + |W" I) • 

h[p) A ^ 

On the other hand, since {DTz){p){X) is tangent to the sphere K{f{z)), we see that 
\DSfip)iX)\ > |(DT,)(p)(X)|-i(|\/*«"| + |W^*«"|) 

(19) = \ r - T \V \ + \W \ ) ■ 

h[p) A ^ ' 

The desired quasiconformality of the extension S? will follow if one can show that there exists 
a constant Ci = Ci(t) < 1 such that 

1 / . , ^ K^Ap)) 

(20) - y*"" + w^*"" ) < Ci , ; , 

A h[p) 

and a constant C2 = C2{t) < 00 such that 

(21) -\W^\ < C2 \ f , ^ . 

A /i(p) 
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To this end we need to determine \h{£?{p))/h{p). The exphcit formula 

, , / 1 + e^* 2t l-kP 

P = Pt{z) = ^ , ^^1 :^ z , e ^^1 1^ 

allows one to compute 

(22) ^ = l^-^*(")l = Ti^- 
From the parametrization we also see that 

(23) Kp) = e^* /~if . 

For the height in the image we see that 

h{Sj{p)) =rsin(2v9), 

where 2r = \Mz{z*) — f{z)\ and (p is the angle of elevation of EAp) measured from f{z) with 
respect to the tangent plane Prtz)- Therefore 



h {Sj{p)) ^ ^-2*1 + ^'* 
h{j)) 1 — I^P 



A — --^— — = e -— r- 2r sm(v9) cos(v?) 



1 _|_ p-4t 
(24) =2 ^ 2r^cos^(y)e-(-), 

(1 — |-2| ) 

where we have used that a = e'^^^h-Q^tiz) = ^e"'^^^ e^^ {1 — l^;^) together with the equation 
rcos{(f) = rsm{(p). These two equations, in addition to part (ii) of Lemma 2 and equation 
(14), show that (21) is equivalent to the estimate 



(25) B = \Sf\ + -e'^\K\ + 2e-2*e'^^^ < 0^^^^""'''^ 



2- '--' ■ - - l-I^P - "^(1-1^12)2 ■ 
Since / satisfies (3), we see that 



- (1-|Z|2)2 2^^ ' ' + "^ 1-kP (1-kP)' ^U +ZUV 

(26) =j^^^^+2v'-^-{u-2vr, 

where u = e'^ ^\K\ and v = e~'^^/{l — \z\'^). It follows from (3) that 

1- \z\ 
Choose p G (0, 1) and let to be defined by 



(27) u < ^ , = e^^V2^v. 



(28) 


„2to _ V - F 


For t < to we see from (25) that 






u < 2pv , 
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hence from (24) 

(29) B < ^^ + 2 (1 - (1 - pf) v" = ^^ + .f ^^1 I,., , 

(1 — |-2| ) ^ (1 — |-2| ) (1 — |-2| ) 

where 

(30) si = l-(l-p)2. 
The number Si is increasing for p G (0, 1) and 

< si < 1. 
For t > to we have 



2s ^ o 2s 2e~4* , 2s2(l + e-^*l 



5 < 7 ^TTTT + 2t;^ = ^T-TT + 7 ^TTTT < 



(1-|Z|2)2 (l-kP)2 (1-^12)2 - (1-|2|2)2 

where S2 has to be chosen so that 



that is, so that 



s + e-"' < S2(l + e-^*) 



^-4t ^S2-S 



I-S2 

Using (26) together with t > to we are lead to the optimal value 

l + 2p2 

s + 2p2 

Observe that S2 is decreasing for p G (0, 1) and 

3s 



(31) s, = t^^s. 



< S2 < 1. 



2 + s 
We finally choose p as the unique solution in (0, 1) for which 

Si = S2. 

This common value defines a constant Ci < 1 for which (23) will hold for all t. An 
approximation for this common value when s ~ 1 is obtained by replacing both curves 
Si = si{p) , S2 = S2{p) by straight lines, which gives 

2 + s 
The precise description of this constant can be done as follows. The equation 



s + 2p2 1 + (2p2/s) 

leads to 

2p\2-p) 

^ = ^(^^ = 3p2-2p + r 

The function h is monotonic for p G [0, 1], with /i(0) = and h{l) = 1, and has inverse 

p = g{s) with the same properties. Then 
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Since h'{l) = 0, h"{l) = —3 we see that for p ~ 1 

Hp) ~ 1-^(1- pf, 

hence 

Ci ~ 1-^(1- s). 

Note that this estimate agrees to first order with the approximation (2 + s)/(4 — s) at s = 1. 
We now address inequahty (19). In hght of (15) and (22), it suffices to find C2 so that 

2rcos^(^)e'^V^ < 2^2 ,^ ^| ... , 2r^cos^(^)e-(-) , 

1 — hz 



which after cancelations is equivalent to 



e'^^VWl < 



2C2(l + e-^') 



(l-|z|2)2 
We know from |1] (equation (29) there) that 



r . 



2r 



I V log Uf I 
hence the inequality to show reduces to 



c^a + e 



'4t> 



Lemma 5 implies that 

IY71 I ^ V^ 

SO that it suffices to find C2 so that 

which by (3) will hold for C2 = 2^/s. 
The previous analysis implies that 

max|x|=i DSf(p)(X) 
mmix\=iD£j{p){X) 

proving that S? is quasiconformal in M^ with constant 

This proves the theorem. D 

Corollary 1. // / is analytic in © and \\Sf\\ < 2s < 2 then Ej is (1 + s)/(l — s)- 
quasiconformal. 

Proof. In this case, the Gaussian curvature K = 0, hence we see from (23) that we may take 
Ci = s, and from (15), (19), that we may take C2 = 0. This proves the corollary. D 
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4. Planar Harmonic Mappings 

Let / be a locally injective, sense-preserving harmonic mapping satisfying ([2]). This re- 
quires the dilatation u to be an analytic square with |w(z)| < 1 in D, in addition to the 
Schwarzian bound. Because the disk is simply-connected, the lifted minimal surface is lo- 
cally a graph, although it may exhibit several sheets if / is not injective. In our original 
paper [4j we showed how to complete S to a topological sphere S U S* U {cxd} by reflecting S 
across the Jordan curve dH and gluing it to the surface S* = £'?(C\©). Under the reflection, 
the unique critical point of the function Uf corresponded to the point at infinity, while the 
rest of the surface S was mapped onto S*. The reflection was shown to be quasiconformal, 
and resulted thus in a quasiconformal extension to CU{cxd} for the Weierstrass-Enneper lift. 

The key issue for obtaining the planar extension of /, is to guarantee that S* remains 
locally a graph, allowing for a locally injective projection onto the plane. This projection 
will result in the desired extension. The analysis indicates that the complementary surface S* 
may not be locally a graph under the sole assumption that |w(2;)| < 1, and in this approach 
we must impose more restrictive bounds on the dilatation. Nevertheless, we feel rewarded 
by the similarity in the expression obtained for the planar extension with Ahlfors' original 
formula. Consider the following functions of s defined on complementary intervals in [0, 1): 

2-s 2 

ipis) = —;= :=r- , 0<S<-, 



, , 2vr^s 2 

ih(s) = ^ , - < s < 1 . 

^^ ' 2 + 72 ' 3 

Note that ip and ip agree at s = 2/3. 

Theorem 2. Let f be a locally univalent harmonic mapping in © with dilatation u a square. 
If f satisfies ^ and 



(32) v^^:^^ < 



then S* is locally a graph. 



ip(s) 2 

^^ ' 0<s< 



ip^{s) ~ 3 



^^^) '<s<l 



V^ + r{s) ' 3 



Proof. The proof is based on the calculation found in [1] where we determined the derivatives 
of the extension £? at an arbitrary point on E in directions tangent to the surface. Let X a 

unit vector tangent to S at an arbitrary point p = f{zo). In |1] we determined {DS?)p{X) in 

terms of the following quantities. Let As be defined on E by As o / = uj'^ and let V log As 
be its gradient on S. Let also H = D^VlogAs stand for its covariant derivative on E with 
norm A = |Vlog As|. Let Q be the rank-1 symmetric matrix given hy H ® H. Then 

{DSjUx) = x + ^Ah- ^Q{H) + // 



where 



// = II{X, H) 



QUASICONFORMAL EXTENSIONS TO SPACE OF WEIERSTRASS-ENNEPER LIFTS 



17 



is the second fundamental form on S. In this expression, all terms except the last summand 
are parallel to the tangent plane in question, while the last term in perpendicular to it. Let 
Vt,Vn denote these tangential and normal components of {D£j:)p{X), and let a denote the 
angle of inclination of the tangent plane to the surface S. The complementary surface S* 
will be locally a graph provided that 



a + tan -^ 



IKI 
\V,\ 






or equivalently. 


















tan(a)I^<l, 


which amounts to 








(33) 








In [3] it was shown that 






\Vt > 


2 

A2 


A|- 


. / 1 M 

- e-''^ (\Sf +-K\) 


2 

-a4 


while 












Vn 


-ln<\^ 


hence 
















~ 2(1 -s)A^ 


'A 



1{\-s)\\\-\K\ 



In order to find the maximum value of the expression in the right hand side we consider the 
function 

where h = 2(1 — s)A| and < x < a/2sAs. On [0,cxd), the function h(x) is increasing 
up to Xq = a/26 and decreasing thereon, so we must distinguish the cases xq < \/2sXj: or 
xq > a/2sAs, that is, the cases, s > | or s < |. 
If Xq < a/2sAs then 



(34) 

and if xq > -\/2sAs then 

(35) 



< Ah{xo) 



\Vn\ 



\VA 



< A/i(V2sAe 



2 + V2 

2yr^s' 

V2s{s + V2) 



\Vt\ - ' ^' 2-s 

The theorem now follows from inequalities ( l33l) . ( I34ll and ( l35ll . 

With this we now state: 



D 
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Theorem 3. Let f be a locally univalent harmonic mapping in D with dilatation u a square, 
and suppose that u? has a critical point in D. Let f, ||w||oo satisfy ^ and ^3^) respectively. 
Then f is infective in D and admits a quasiconformal extension given by 

f\z) , z G 
(36) F{z 



^^^^ + c - (1 - icn-.(c) + c - (1 - icna.(c) ' " - ^/^ ^ ^ • 

Proof. Without loss of generality, we may assume that the critical point of m ? is the origin. 
Let n : R^ — )■ C be the standard projection. We already know that SUE* is locally a graph 
over the complex plane, therefore the mapping F = no£!?:C— J-Cis locally injective. 
Because of the normalization for the critical point, it follows that F{z) — > oo as \z\ — t- oo. 
By the monodromy theorem, we conclude that F is a homeomorphism of the complex plane 
onto itself. In particular, the underlying harmonic mapping / must be injective. Because 
on the assumption on ||w||oo; the inclination of both S and S* will remain bounded away 
from 7r/2, making the projection quasiconformal. Since by the results in [1] the reflection of 
S onto S* is also quasiconformal, the theorem is proved. D 
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